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Abstract
We use the Bessel-inspired behavior of parton densities at small Bjorken x values,
obtained in the case of the flat initial conditions for DGLAP evolution equations in the
double scaling QCD approximation (DAS), to evaluate the transverse momentum depen-
dent (TMD, or unintegrated) quark and gluon distribution functions in a proton. The
calculations are performed analytically using the Kimber-Martin-Ryskin (KMR) prescrip-
tion with different implementation of kinematical constraint, reflecting the angular and
strong ordering conditions. The relations between the differential and integral formula-
tion of the KMR approach is discussed. Several phenomenological applications of the
proposed TMD parton densities to the LHC processes are given.
Keywords: small x, QCD evolution, TMD parton densities, high-energy factorization.
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1 Introduction
A theoretical description of a number of high energy processes at hadron colliders
which proceed with large momentum transfer and containing multiple hard scales can be
obtained with transverse momentum dependent (TMD), or unintegrated, parton (quark
and/or gluon) density functions in a proton [1]. These quantities depend on the frac-
tion x of the proton longitudinal momentum carried by a parton, the two-dimensional
parton transverse momentum k2T and hard scale µ
2 of the hard process and encode non-
perturbative information on proton structure, including transverse momentum and po-
larization degrees of freedom. They are related to the physical cross sections and other
observables, measured in the collider experiments, via TMD factorization theorems in
Quantum Chromodynamics (QCD). The latter provide the necessary framework to sep-
arate hard partonic physics, described with a perturbative QCD expansion, from soft
hadronic physics. At present, there are number of factorization approaches which incor-
porate the transverse momentum dependence in the parton distributions: for example, the
Collins-Soper-Sterman approach [2] (or TMD factorization), designed for semi-inclusive
processes with a finite and non-zero ratio between the hard scale µ2 and total energy s,
and high-energy factorization [3] (or kT -factorization [4]) approach, valid in the limit of a
fixed hard scale and high energy.
In the high-energy factorization, the TMD gluon density satisfies the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) [5] or Ciafaloni-Catani-Fiorani-Marchesini (CCFM) [6] evolution
equations, which resum large terms proportional to αns ln
n s ∼ αns lnn 1/x, important at
high energies s (or, equivalently, at small x). Thus, one can effectively take into account
higher-order radiative corrections to the production cross sections (namely, a part of
NLO + NNLO +... terms corresponding to the initial-state real gluon emissions). The
CCFM equation takes into account additional terms proportional to αns ln
n 1/(1− x) and
therefore is valid at both small and large x. The number of phenomenological applications
of the high-energy factorization and CCFM evolution is known in the literature (see, for
example, [7–17] and references therein).
There are also other approaches determining the TMD gluon and quark density func-
tions in a proton. So, one can evaluate them using the schemes based on the conventional
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [18] equations, namely the Parton
Branching (PB) approach [19, 20] and Kimber-Martin-Ryskin (KMR) prescription [21].
Former gives numerical iterative solution of the DGLAP evolution equations for collinear
and TMD parton density functions upon using a concept of resolvable and non-resolvable
branchings and by applying Sudakov formalism to describe the parton evolution from one
scale to another without resolvable branching. The splitting kinematics at each branching
vertex is described by the DGLAP equations and angular ordering condition for parton
emissions can be applied instead of usual DGLAP ordering in virtuality. The latter is
a formalism invented for constructing the TMD parton distributions from well-known
conventional (collinear) parton density functions (PDFs) under the key assumption that
the transverse momentum dependence of the parton distributions enters only at the last
evolution step. The KMR procedure is believed to take into account effectively the major
part of next-to-leading logarithmic (NLL) terms αs(αs lnµ
2)n−1 compared to the leading
logarithmic approximation (LLA), where terms proportional to αns ln
n µ2 are taken into
account. The KMR approach is currently explored [22] at next-to-leading order (NLO)
and commonly used in the phenomenological applications (see, for example, [8,10–16] and
references therein), where the standard proton PDFs (as obtained, for example, by the
NNPDF [23] or CTEQ [24] Collaborations) were taken as an input numerically. The rela-
tion between the PB and KMR scenarios was discussed [25] and the connection between
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the PB and CCFM approaches was established very recently [26].
The KMR formalism is used in the present paper for analytical calculations of the
TMD quark and gluon distributions in a proton. The calculations are based on the
expressions [27–29] for conventional PDFs obtained in the generalized double asymptotic
scaling (DAS) approximation [28–30]. The latter is connected to the asymptotic behaviour
of the DGLAP evolution discovered many years ago [31]. As it was shown, flat initial
conditions for DGLAP equations, applied in the generalized DAS scheme, lead to the
Bessel-like behaviour for the proton PDFs at small x. Using the results [27–29], we
derive the analytical expressions for the TMD quark and gluon densities at leading order
(LO) and present them in a quite compact form. We implement different treatment
of the kinematical constraint involved in the KMR prescription (namely, angular and
strong ordering conditions) and discuss the relations between the differential and integral
formulation of the KMR procedure pointed out recently in [32]. Finally, we present some
phenomenological applications of obtained TMD parton densities to hard LHC processes,
sensitive to the quark and gluon content of the proton. To be precise, using the kT -
factorization QCD approach, we consider the inclusive production of b-jets and bb¯-dijets
at
√
s = 7 TeV, inclusive production of the Higgs bosons (in the diphoton decay mode) at√
s = 13 TeV and charm and beauty contributions to the deep inelastic proton structure
function F2(x,Q
2) at different values of Q2.
The outline of our paper is following. In Section 2 we briefly describe our theoretical
input. The calculations are explained in detail in Section 3, where we also present the
modifications of PDFs and TMDs at low Q2-values and outside of the standard small
x range. Section 4 present numerical results and discussions. Section 5 contains our
conclusions.
2 Theoretical framework
Since the KMR approach is based on the standard PDFs, here we present a review of
small x behaviour of parton densities. Moreover, we introduce the basic formulas of the
KMR approach itself.
2.1 PDFs and proton structure function F2(x,Q
2)
The fairly reasonable agreement between HERA data [33–37] and the results of NLO
perturbative QCD evaluations is observed for Q2 ≥ 2 GeV2 (see reviews [38, 39] and
references therein). Therefore, it can be concluded that pQCD is capable of describing
the evolution of proton structure function F2(x,Q
2) and its derivatives down to very low
Q2 values.
It was pointed out [40] that the HERA small-x data can be well interpreted in terms
of the so-called doubled asymptotic scaling (DAS) phenomenon related to the asymptotic
behaviour of the DGLAP evolution discovered many years ago [31]. The study [40] was
extended [28–30] to include the finite parts of anomalous dimensions (ADs) of Wilson op-
erators and Wilson coefficients1. This led to predictions [27–29] of the small-x asymptotic
form of PDFs in the framework of the DGLAP dynamics, which were obtained starting
at some Q20 with the flat function
fa(x,Q
2
0) = Aa, (1)
1 In the standard DAS approximation [31] only the AD singular parts were used.
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where fa are PDFs multiplied by x, a = q or g and Aa are unknown parameters to
be determined from the data. We refer to the approach of [28–30] as generalized DAS
approximation. In this approach the flat initial conditions (1) determine the basic role
of the AD singular parts as in the standard DAS case, whereas the contributions coming
from AD finite parts and Wilson coefficients can be considered as corrections which are,
however, important for achieving better agreement with experimental data.
Hereafter we consider for simplicity only the LO approximation. The structure func-
tion F2(x,Q
2) and PDFs have the following form (see [28,29])
F2(x,Q
2) = e fq(x,Q
2), (2)
where e =
f∑
i=1
e2i /f is an average charge squared with f being a number of active (massless)
quark flavors. The small-x asymptotic expressions for sea quark and gluon densities
fa(x, µ
2) can be written as follows (both the LO and NLO results and their derivation
can be found [27,28]):
fa(x, µ
2) = f+a (x, µ
2) + f−a (x, µ
2),
f+g (x, µ
2) =
(
Ag + C Aq
)
I0(σ) e
−d+s +O(ρ), C =
CF
CA
=
4
9
,
f+q (x, µ
2) =
ϕ
3
(
Ag + C Aq
)
I˜1(σ) e
−d+s +O(ρ), ϕ =
f
CA
=
f
3
,
f−g (x, µ
2) = −C Aqe−d−s + O(x), f−q (x, µ2) = Aqe−d−s + O(x), (3)
where CA = Nc, CF = (N
2
c − 1)/(2Nc) for the color SU(Nc) group, Iν(σ) and I˜ν(σ)
(ν = 0, 1) are the combinations of the modified Bessel functions (at s ≥ 0, i.e. µ2 ≥ Q20)
and the usual Bessel functions (at s < 0, i.e. µ2 < Q20):
I˜ν(σ) =
{
ρνIν(σ), if s ≥ 0;
(−ρ˜)νJν(σ˜), if s < 0. , Iν(σ) =
{
ρ−νIν(σ), if s ≥ 0;
ρ˜−νJν(σ˜), if s < 0.
(4)
where I0(σ) = I˜0(σ) and
s = ln
(
as(Q
2
0)
as(µ2)
)
, as(µ
2) ≡ αs(µ
2)
4pi
=
1
β0 ln(µ2/Λ2LO)
, σ = 2
√∣∣∣dˆ+∣∣∣ s ln(1
x
)
,
ρ =
σ
2 ln(1/x)
, σ˜ = 2
√
−
∣∣∣dˆ+∣∣∣ s ln(1
x
)
, ρ˜ =
σ˜
2 ln(1/x)
(5)
and
dˆ+ = −4CA
β0
= −12
β0
, d+ = 1 +
4f(1− C)
3β0
= 1 +
20f
27β0
, d− =
4Cf
3β0
=
16f
27β0
(6)
are the singular and regular parts of the anomalous dimensions and β0 = 11 − (2/3)f is
the first coefficient of the QCD β-function in the MS-scheme.
The results for the parameters Aa and Q
2
0 can be found in [27,41]; they were obtained
2
for αs(MZ) = 0.1168.
It is convenient to show the following expressions:
β0 dˆ+ = −4CA, β0 d+ = CA
3
(
11− 2ϕ(1− 2C)
)
, β0 d− =
4Cf
3
=
4CAϕ
3
. (7)
2In the future, by using (2) and (3) and results of [42] we plan to perform the combined fits to the H1
and ZEUS experimental data [37] and [43] for the DIS structure function F2(x,Q
2) and its charm part
F c2 (x,Q
2), respectively.
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2.2 Kimber-Martin-Ryskin approach
The expressions (3) — (6) can be used as an input for the KMR procedure [21],
giving us the possibility to calculate the TMD parton density functions in a proton. Let
k⊥ ≡ k, then the TMD parton distributions in the differential f (d)a (x, k2, µ2) and integral
f
(i)
a (x, k2, µ2) formulation of the KMR approach can be written as
f (d)a (x, k
2, µ2) =
∂
∂ ln k2
[
Ta(µ
2, k2)Da(x, k
2)
]
, (8)
f (i)a (x, k
2, µ2) = Ta(µ
2, k2)
∑
a′
x0∫
x
dz
z
Paa′(z, k
2)Da
(x
z
, k2
)
, x0 = 1−∆ , (9)
where Da(x, µ
2) are the conventional PDFs, fa(x, µ
2) = xDa(x, µ
2), which obey the
DGLAP equations (see (2.1) in [32]):
∂Da(x, µ
2)
∂ lnµ2
=
∑
a′
x0∫
x
dz
z
Paa′(z, µ
2)Da
(x
z
, µ2
)
−Da(x, µ2)
∑
a′
x0∫
0
dz zPa′a(z, µ
2) (10)
with the splitting functions
Paa′(z, µ
2) = 2as(µ
2)P
(LO)
aa′ (z, µ
2) + ... . (11)
The Sudakov form factor Ta(µ
2, k2) has the following form (see (2.4) in [32]):
Ta(µ
2, k2) = exp
−
µ2∫
k2
dp2
p2
∑
a′
x0∫
0
dz zPa′a(z, k
2)
 . (12)
3 Calculations
The DGLAP splitting functions at LO can be presented as (see, for example, (2.56)
— (2.60) in [44])
Pqq(z) = CF
[
1 + z2
(1− z)+ +
3
2
δ(1− z)
]
, Pqg(z) = f
[
z2 + (1− z)2
]
,
Pgq(z) = CF
[
1 + (1− z)2
z
]
,
Pgg(z) = 2CA
[
z
(1− z)+ +
1− z
z
+ z(1− z) + 11− 2ϕ
12
δ(1− z)
]
.
(13)
Since the upper limit of integrals in the r.h.s. of (10) and (12) is restricted by x0 ≡ 1−∆,
the δ-functions in (13) give no contributions. Moreover, the ”+” prescription is not
needed: (1− z)−1+ → (1− z)−1.
3.1 Sudakov form factors Ta(µ
2, k2)
Evaluating (12), we have
Ta(µ
2, k2) = exp
[
−daRa(∆)s1
]
, (14)
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where
s1 = ln
(
as(k
2)
as(µ2)
)
, da =
4Ca
β0
, Cq = CF , Cg = CA, β0 =
CA
3
(
11− 2ϕ
)
,
Rq(∆) = ln
(
1
∆
)
− 3x
2
0
4
= ln
(
1
∆
)
− 3
4
(1−∆)2,
Rg(∆) = ln
(
1
∆
)
−
(
1− ϕ
4
)
x20 +
1− ϕ
12
x30(4− 3x0) =
= ln
(
1
∆
)
−
(
1− ϕ
4
)
(1−∆)2 + 1− ϕ
12
(1−∆)3(1 + 3∆) . (15)
3.2 TMDs from differential formulation of KMR approach
Now we can use (8) to find the results for TMD parton densities without derivatives.
Derivation of Ta(µ
2, k2) is as follows
∂Ta(µ
2, k2)
∂ ln k2
= da β0 as(k
2)Ra(∆), (16)
and derivations of conventional PDFs are as follows
∂fa(x, k
2)
∂ ln k2
= −β0 as(k2)
[(
dˆ+
ρa
+ d+
)
f+a (x, k
2) + d−f−a (x, k
2)
]
, (17)
where
1
ρg
=
I1(σ)
I0(σ)
,
1
ρq
=
I0(σ)
I˜1(σ)
. (18)
So, the result for the TMD parton densities reads
f (d)a (x, k
2, µ2) = β0 as(k
2)Ta(µ
2, k2)×
×
(
daRa(∆) fa(x, k
2)−
[(
dˆ+
ρa
+ d+
)
f+a (x, k
2) + d−f−a (k
2)
])
= 4Ca as(k
2)×
×Ta(µ2, k2)
(
Ra(∆) fa(x, k
2)− 1
da
[(
dˆ+
ρa
+ d+
)
f+a (x, k
2) + d−f−a (k
2)
])
.
(19)
The expressions for conventional PDFs and Sudakov form factors are given in the Sec-
tions 2 and 3.1, respectively. Since the value of dˆ+ is negative and the factor dˆ+/ρa is
large at low x, the TMDs f
(d)
a (x, k2, µ2) are positive at small x. With increasing x, the
results for the latter can be negative.
3.3 TMDs from integral formulation of KMR approach
Now we can use (9) to find the results for TMDs without derivatives. After some
algebra we have
f (i)a (x, k
2, µ2) = 4Ca as(k
2)Ta(µ
2, k2)×
×
(
Da(∆) fa
(
x
x0
, k2
)
+D+a f
+
a
(
x
x0
, k2
)
+D−a f
−
a
(
x
x0
, k2
))
=
= 4Ca as(k
2)Ta(µ
2, k2)
(
Da(∆) fa
(
x
x0
, k2
)
+D
+
a f
+
a
(
x
x0
, k2
))
,
(20)
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where
Da(∆) = Da(∆) +D
−
a , D
+
a = D
+
a −D−a . (21)
Using the relations from (7), we can obtain:
Dq(∆) = ln
(
1
∆
)
− x0
4
(2 + x0) = ln
(
1
∆
)
− 1−∆
4
(3−∆),
Dg(∆) = ln
(
1
∆
)
− x0 + x
2
0
4
− x
3
0
3
= ln
(
1
∆
)
− 1−∆
12
(13− 5∆ + 4∆2),
D−q (∆) = −
x0ϕ
2
(
1− x0 + 2x
2
0
3
)
= −(1−∆)ϕ
6
(2−∆ + 2∆2), D−g (∆) = 0,
D+g =
1
ρg
− x0 + x
2
0
4
+
Cϕ
3
,
D+q =
3x0
2C
[
1
ρs
(
1− x0 + 2x
2
0
3
)
−
(
1− x0
2
+
2x20
9
)]
, (22)
where
σ =
 σ
(
x→ x
x0
)
, if s ≥ 0;
σ˜
(
x→ x
x0
)
, if s < 0.
,
1
ρa
=
1
ρa
(
x→ x
x0
)
. (23)
3.4 Cut-off parameter ∆
For the phenomenological applications, the cut-off parameter ∆ usually has one of two
basic forms:
∆1 =
k
µ
, ∆2 =
k
k + µ
, (24)
that reflects the two cases: ∆1 is in the strong ordering, ∆2 is in the angular ordering
(see [32]). In all above cases, except the results for Ta(µ
2, k2), we can simply replace the
parameter ∆ by ∆1 and/or ∆2. For the Sudakov form factors, we note that the param-
eters ∆i (with i = 1, 2) contribute to the integrand in (12) and, thus, their momentum
dependence changes the results in (14). To perform the correct evaluation of the integral
(12), we should recalculate the p2 integration in (12). So, we have
T (i)a (µ
2, k2) = exp
−4Ca µ
2∫
k2
dp2
p2
as(p
2)Ra(∆i)
 . (25)
The analytic evaluation of T
(i)
a (µ2, k2) is a very cumbersome procedure, which will be
accomplished in the future. With the purpose of simplifying our analysis, below we use
the numerical results for T
(i)
a (µ2, k2).
3.5 Comparison of f
(i)
a (x, k2, µ2) and f
(d)
a (x, k2, µ2)
To perform the comparison between the two obtained expressions, it is convenient to
rewrite (19) as
f (1)a (x, k
2, µ2) = 4Ca as(k
2)Ta(µ
2, k2)×
× (Ra(∆) fa(x, k2) + t+a f+a (x, k2) + t−a f−a (x, k2)) =
= 4Ca as(k
2)Ta(µ
2, k2)
(
Ra(∆) fa(x, k
2) + t
+
a f
+
a (x, k
2)
) , (26)
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where
t+a = −
1
da
(
dˆ+
ρa
+ d+
)
, t−a = −
d−
da
, Ra(∆) = Ra(∆) + t
−
a , t
+
a = t
+
a − t−a . (27)
Using the relations from (7), we can obtain:
t+g =
1
ρg
− 1
12
(
11 + 2ϕ(1− 2C)
)
, t−g = −
Cϕ
3
,
t
+
g =
1
ρg
− 1
12
(
11 + 2ϕ(1− 4C)
)
, t±q =
1
C
t±g (ρg → ρq).
(28)
It is convenient to compare the results for f
(i)
a (x, k2, µ2) and f
(d)
a (x, k2, µ2), i.e. the values
of Da(∆), D
+
a (∆) and Ra(∆), t
+
a (∆) at ∆→ 0, when k2  µ2:
Rq(∆) = ln
(
1
∆
)
− 3
4
− ϕ
3
, Rg(∆) = ln
(
1
∆
)
− 11
12
+
ϕ(1− 2C)
6
,
Dq(∆) = ln
(
1
∆
)
− 3
4
− ϕ
3
, Dg(∆) = ln
(
1
∆
)
− 13
12
,
t
+
q =
1
C
(
1
ρq
− 11
12
− ϕ(1− 4C)
6
)
, t
+
g =
1
ρg
− 11
12
− ϕ(1− 4C)
6
,
D
+
q =
1
C
(
1
ρq
− 13
12
+
Cϕ
3
)
, t
+
g =
1
ρg
− 3
4
+
Cϕ
3
, (29)
or
Rq(∆) = Dq(∆), Rg(∆) = Dg(∆) +
1
6
(
1 + ϕ(1− 2C)
)
,
t
+
q = D
+
q +
1
6
(
1− ϕ(1− 2C)
)
, t
+
g = D
+
g −
1
6
(
1 + ϕ(1− 2C)
)
. (30)
So, the difference is regular at ∆ → 0 and it does not give large contributions. This is
clearly illustrated in Fig. 1, where we show the ratio of gluon densities f
(i)
a (x, k2, µ2) and
f
(d)
a (x, k2, µ2) calculated with angular ordering condition applied as a function of k2T ≡ k2
at several values of x and µ2. As one can see, with increasing k2 the difference between
these two approaches becomes more pronounced.
3.6 Infrared modification of the strong coupling
The equations (3) at s < 0 were used in [29], where the higher-twist corrections
through twist six were added to find good agreement with the experimental data for the
deep inelatic proton structure function F2(x,Q
2) for Q2 ≥ 0.5 GeV2. However, such
application is not so useful here because the case with s < 0 may lead to the negative
TMDs and, hence, to the negative cross sections of the physical processes.
To overcome these problems, which emerge at small k2 values, we investigate an al-
ternative possibility following to [27]; namely, the modification of the strong-coupling
constant in the infrared region. Specifically, we consider two modifications, which ef-
fectively increase the argument of the strong coupling constant at small µ2 values, in
accordance with [45,46]. In the first case, which is more phenomenological, we introduce
a freezing of the strong-coupling constant by changing its argument as µ2 → µ2 + M2ρ ,
where Mρ is the ρ meson mass [47]. Thus, in the formulae of Section 3 we introduce the
following replacement
αs(µ
2)→ αfr(µ2) = αs(µ2 +M2ρ ) . (31)
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The second possibility is based on the idea by Shirkov and Solovtsov [48] (see also the
recent reviews [49] and the references therein) regarding the analyticity of the strong
coupling that leads to an additional power dependence. In this case, the QCD coupling
αs(µ
2) appearing in the formulae of the previous Sections is to be replaced as
αs(µ
2)→ αan(µ2) = αs(µ2)− 1
β0
Λ2LO
µ2 − Λ2LO
. (32)
Such replacements have been done [27], where we took the normalizations magnitudes Ag
and Aq. As we can see from [27, 41], the fits based on the frozen and analytic strong-
coupling constants are very similar and describe the F2(x,Q
2) data in the small-Q2 range
significantly better than the canonical fit.
3.7 Beyond small x
In the phenomenological applications (see Section 4) the calculated TMD parton den-
sities will be used to predict the cross sections of several high-energy processes. According
to kT -factorization approach [3,4], the theoretical predictions for the cross sections can be
obtained by convolution of these TMD parton densities and the corresponding off-shell
production amplitudes. So, we need the TMD quark and gluon distributions in rather
broad range of the x variable, i.e. beyond the standart low x range (x ≤ 0.05).
Our TMD parton densities are exactly expressed through the conventional PDFs
fa(x, µ
2) as it was shown in the equations (26) and (20). Then, the densities fa(x, µ
2)
listed in Section 2.1 should be extended in the following form [50, 51] (see, for example,
the recent paper [52], where similar extension has been done in the case of EMC effect
from the study of shadowing [53] at low x to antishadowing effect at x ∼ 0.1− 0.2):
fa(x, µ
2)→ fa(x, µ2) (1− x)βa(s), βa(s) = βa(0) + 4Cas
β0
. (33)
Note that such form was successfully used in the conventional PDF parametrizations
(see [51, 54]). The value of βa(0) can be estimated from the quark counting rules [55]:
βv(0) ∼ 3, βg(0) ∼ βv(0) + 1 ∼ 4, βq(0) ∼ βv(0) + 2 ∼ 5 , (34)
where the symbol v marks the valence part of quark density. Usually the βv(0), βg(0),
βq(0) are determined from fits of experimental data (see, for example, [56–58]) and the
results for these values may be quite different, because various groups producing PDF sets
use different sets of experimental data or take some privilege for their parts. Moreover,
the difference can be attributed to various choices of the initial condition µ20 of the µ
2-
evolution but it should be not so strong because the µ2-dependence is double-logarithmic.
It is convenient to assume that similar relations take place just beyond the standard
low x range (x ≤ 0.05). Thus, the TMD parton densities can be modified in the form,
similar to (33), that leads to
f (d)a (x, k
2, µ2)→ f (d)a (x, k2, µ2) (1− x)βa(s), (35)
f (i)a (x, k
2, µ2)→ f (i)a (x, k2, µ2)
(
1− x
x0
)βa(s)
. (36)
In our analysis, the numerical values of βg(0) have been extracted from the fit to the
inclusive b-jet production data taken by the CMS [59] and ATLAS [60] Collaborations
in pp collisions at
√
s = 7 TeV (see Section 4.1 below). We find that best description
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of the leading b-jet transverse momentum distributions in a whole kinematical region is
achieved with βg(0) = 3.03 and βg(0) = 5.77 for ”frozen” and analytic strong coupling
constant (37) and (38), respectively. We see that the obtained results are close to ones in
(34).
The TMD gluon densities in a proton obtained with appropriate treatment of the
strong coupling and βg(0) are shown in Fig. 1 as a function of transverse momentum k
2
T
for different values of proton longitudinal momentum fraction x and hard scale µ2. We
have used the integral formulation of KMR procedure as given by (36) for illustration.
The solid green and yellow curves correspond to the results obtained with ”frozen” and
analytic coupling constant with angular ordering condition, while corresponding dashed
curves represent the results obtained with strong ordering condition. As one can see,
the strong ordering condition leads to a steep drop of the gluon densities beyond the
scale µ2. It contrasts with angular ordering, where the gluon transverse momentum is
allowed to be larger than µ2 (see [32]). We also show here the TMD gluon distributions
calculated numerically in the traditional KMR scenario, where the conventional parton
densities from standard MMHT’2014 (LO) set [61] were used as an input (red curves on
Fig. 1). The results of our analytical calculations are nicely agree with the latter for
k2T ≥ 10 GeV in wide x region (up to x ≤ 0.05), that demonstrates the applicability of
the generalized DAS approximation. At k2T < µ
2
0 ∼ 1 GeV2 the numerically calculated
KMR gluon density is modelled to be a flat according to the prescription [21] under strong
normalization condition
µ2∫
0
fa(x, k
2, µ2)dk2 = fa(x, µ
2), (37)
which is often used in the KMR scheme. Such determination, of course, leads to a low k2T
plateau, clearly seen in Fig. 1. In contrast, our formalism with appropriate modifications
of strong coupling as described above results in continuous TMD quark and gluon density
functions, well defined in a whole k2T region. Below we will consider the phenomenological
consequences of our approach.
4 Phenomenological applications
We are now in a position to apply the obtained TMD parton densities in a proton
to several hard QCD processes studied at hadron colliders. In the present paper we
consider the inclusive production of b-jets and Higgs bosons at the LHC conditions and
charm and beauty contributions to the deep inelastic proton structure function F2(x,Q
2)
measured in ep collisions at HERA. These processes have been already investigated within
the kT -factorization approach and found to be strongly sensitive to the gluon content of
the proton. To calculate the total and differential cross sections of b-jets, Higgs boson
production and proton structure functions F c2 (x,Q
2) and F b2 (x,Q
2) we strictly follow
our previous considerations [11, 12, 15, 16, 62]. Everywhere below we have used one-loop
formula for the strong coupling constant with nf = 4 active quark flavors and ΛQCD =
143 MeV (that corresponds to αs(m
2
Z) = 0.1168) for analytically calculated TMD quark
and gluon densities as described above and apply nf = 5 with αs(m
2
Z) = 0.13 for KMR
partons evaluated numerically. The latter choice is dictated by the parameter setup
employed in the MMHT’2014 (LO) PDFs [61], used here as an input for KMR procedure.
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4.1 Inclusive b-jet production at the LHC
Following [15, 16], our consideration is based on the leading off-shell (depending on
the transverse momenta of incoming particles) gluon fusion subprocess g∗(k1) + g∗(k2)→
b(p1) + b¯(p2), where the four-momenta of all particles are indicated in parentheses. Ac-
cording to the kT -factorization prescription [3, 4], the corresponding cross section can be
written as
σ =
∫
dx1dx2
∫
dk21Tdk
2
2Tfg(x1,k
2
1T , µ
2)fg(x2,k
2
2T , µ
2)×
×dσ∗(x1, x2,k21T ,k22T , µ2),
(38)
where σ∗(x1, x2,k21T ,k
2
2T , µ
2) is the off-shell partonic cross section and k21T and k
2
2T are
the non-zero two-dimensional transverse momenta of incoming partons. The detailed
description of the calculation steps (including the evaluation of the off-shell amplitudes)
can be found in [15, 16]. Here we only specify the essential numerical parameters. So,
following [63], we set the b-quark mass mb = 4.78 GeV and, as it often done in pQCD
calculations, choose the default renormalization and factorization scales µR and µF to
be equal to leading b-jet transverse momentum. The calculations were performed using
newly developed Monte-Carlo event generator pegasus [64].
The CMS Collaboration has measured the double differential cross section dσ/dpTdy of
inclusive b-jet production at
√
s = 7 TeV in five b-jet rapidity regions, namely, |y| < 0.5,
0.5 < |y| < 1, 1 < |y| < 1.5, 1.5 < |y| < 2 and 2 < |y| < 2.2 as a function of the
leading b-jet transverse momentum [59]. In the ATLAS analysis [60], the inclusive b-
jet cross section has been measured as a function of transverse momentum pT in the
range 20 < pT < 400 GeV and rapidity in the range |y| < 2.1. In addition, the bb¯-dijet
cross section has been measured as a function of the dijet invariant mass M in the range
110 < M < 760 GeV, azimuthal angle difference ∆φ between the two b-jets and angular
variable χ = exp |y1 − y2| for jets with pT > 40 GeV in two dijet mass regions.
The results of our calculations are shown in Figs. 3 — 5 in comparison with the CMS
and ATLAS data [59,60]. The solid green and yellow histograms were obtained with the
TMD gluon density as given by (20) — (23) with ”frozen” and analytic QCD coupling
by fixing both the renormalization and factorization scales at their default values. The
red histograms represent the results obtained with the numerically calculated KMR gluon
distributions. The shaded bands correspond to scale uncertainties of these predictions.
As usual, the latter have been estimated by varying the scales µR and µF by a factor of 2
around their default values. We have obtained a good description of the b-jet transverse
momentum distributions in each of the rapidity subdivisions, both in normalization and
the shape. Our predictions are only tend to slightly underestimate the measured cross
sections at very high transverse momenta pT ∼ 200 − 400 GeV, but they agree with the
data within the theoretical and experimental uncertainties. The results obtained with
numerically calculated KMR gluon density agree with data and analytical TMD gluons
at low and moderate transverse momenta, but overestimate both the CMS and ATLAS
data at pT > 100 GeV, especially at forward rapidities. We note that here the essentially
large x region is probed, so the better description of the data achieved with analytical
TMD gluon distributions demonstrates that their large-x extension, as described above
in Section 3.7, is rather reasonable.
All the considered TMD gluons show good agreement with the bb¯-dijet cross sections
measured by the ATLAS Collaboration. In particular, the good description of the ∆φ
distribution is remarkable, since the latter is known to be a strongly sensitive to the k2T
shape of the TMD gluon density (see [15,16] and references therein). As it was expected,
the χ distribution flattens for large invariant masses M . Note that here an additional
acceptance requirement, that restricts the boost of the dijet system to |yboost| = |y1 +
11
y2|/2 < 1.1, has been applied for χ measurements. This requirement significantly reduces
[60] the sensitivity to gluon density function at small x and all theoretical predictions
for χ distributions are practically coincide. Thus, we conclude that our analytical TMD
parton densities given by (20) — (23) does not contradict available LHC data on b-jet
production.
4.2 Inclusive Higgs boson production at the LHC
Our consideration is mainly based on the off-shell amplitude of the gluon-gluon fusion
subprocess g∗(k1) + g∗(k2) → H(p) calculated using the effective Lagrangian [65, 66]
for the Higgs coupling to gluons and extended recently to the subsequent H → γγ,
H → ZZ∗ → 4l (where l = e or µ) andH → W+W− → e±µ∓νν¯ decays. The details of the
calculations are explained in [11,12] and here we strictly follow our previous consideration.
Everywhere below, we set the Higgs boson mass mH = 125.1 GeV and its full decay width
ΓH = 4.3 MeV. The default values of the renormalization and factorization scales are
chosen to be equal to Higgs mass. The cross sections were produced with Monte-Carlo
generator pegasus [64].
The latest measurements of the inclusive Higgs boson production (in the diphoton
decay mode) were performed by the CMS [67] and ATLAS [68] Collaborations at the LHC
energy
√
s = 13 TeV. In the CMS analysis, two isolated final state photons originating
from the Higgs boson decays are required to have pseudorapidities |ηγ| < 2.5, excluding
the region 1.4442 < |ηγ| < 1.566. Additionally, photons with largest and next-to-largest
transverse momentum pγT (so-called leading and subleading photons) must satisfy the
conditions of pγT/M
γγ > 1/3 and pγT/M
γγ > 1/4 respectively, where Mγγ is the diphoton
pair mass, Mγγ > 90 GeV. In the ATLAS measurement [68] both of these decay photons
must have pseudorapidities |ηγ| < 2.37 (excluding 1.37 < |ηγ| < 1.52) with the leading
(subleading) photon satisfying pγT/M
γγ > 0.35 and pγT/M
γγ > 0.25, while invariant mass
Mγγ is required to be 105 < Mγγ < 160 GeV. We have implemented experimental setup
in our numerical program. The Higgs transverse momentum pT , absolute value of the
rapidity y and cosine of photon helicity angle cos θ∗ (in the Collins-Soper frame) were
measured [67,68]. Both pT and y probe the production mechanism and parton distribution
functions in a proton, while cos θ∗ is related to spin-CP nature of the decaying Higgs boson.
The results of our calculations are shown in Figs. 6 and 7 in comparison with latest
LHC data. One can see that our predictions with both analytic and ”frozen” treatment of
QCD coupling reasonably agree with the data for all considered kinematical observables,
although some tendency to slightly overestimate the LHC data in the low pT region
is observed. This tendency results in a some ovestimation of the rapidity and photon
helicity angle distributions, but the predictions are still agree with the data within the
experimental and theoretical uncertainties, calculated as it was described above. The
scale dependence of our predictions, of course, exceeds the uncertainties of conventional
higher-order pQCD calculations (which are about of 10 — 11%). However, it could be
easily understood because only the tree-level LO hard scaterring amplitudes are involved.
The strong drop in the | cos θ∗| distribution around | cos θ∗| ∼ 0.6 is due to the fiducial
requirement on the photon system originating from the scalar Higgs boson decay. The
calculations based on the numerically evaluated KMR gluon density agree well with the
data at low pT and tend to overshoot them at high transverse momenta. Note that we
added to our results contributions from weak boson fusion (W+W− → H and ZZ → H),
associated HZ or HW± production and associated tt¯H production (grey shaded bands
in Figs. 6 and 7). These contributions are essential at high pT and have been calculated
in the conventional pQCD approach with the NLO accuracy. We take them from [67,68].
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Once again, we can conclude that the analytical expressions for TMD parton densities (20)
— (23) does not contradict available LHC data in the probed kinematical region, where
µ2 ∼ m2H .
4.3 Proton structure functions F c2 (x,Q
2) and F b2 (x,Q
2)
The important information on the quark and gluon structure of proton can be also
extracted from the data on deep inelastic ep scattering. Its differential cross section can
be presented in the simple form:
d2σ
dxdy
=
2piα2
xQ4
[(
1− y + y
2
2
)
F2(x,Q
2)− y
2
2
FL(x,Q
2)
]
, (39)
where F2(x,Q
2) and FL(x,Q
2) are the proton transverse and longitudinal structure func-
tions, x and y are the usual Bjorken scaling variables. The charm and beauty contributions
to F2(x,Q
2) are described through perturbative production of charm or beauty quarks
and, therefore, directly related with the gluon content of the proton. Our evaluation below
is based on the formulas [62] and here we again strictly follow our previous consideration
in all aspects. We only note that the charm and beauty masses are set to be equal to
mc = 1.65 GeV and mb = 4.78 GeV [63].
Our results are shown in Figs. 8 and 9 in comparison with the latest ZEUS [69] and
H1 [70,71] data. We find that the predictions obtained with ”frozen” strong coupling are
in perfect agreement with the latest HERA data for both structure functions F c2 (x,Q
2)
and F b2 (x,Q
2) in a wide region of x and Q2, both in normalization and shape. These
predictions slightly overshoot the ones obtained with analytic treatment of the QCD
coupling constant. The difference between these two approaches becomes more clearly
pronounced at small x and low Q2 values, Q2 ≤ 10 GeV2. The predictions based on
the analytic QCD coupling still agree with the data on F b2 (x,Q
2) within the theoretical
and experimental uncertainties, but clearly underestimate the data on F c2 (x,Q
2), espe-
cially at low Q2. However, we note that some reasonable variation in charmed quark
mass mc = 1.65 ± 0.2 GeV can almost eliminate the visible disagreement (not shown in
Figs. 8 and 9). The traditional KMR approach underestimates the HERA data on both
F c2 (x,Q
2) and F b2 (x,Q
2) at small x and relatively low Q2 ≤ 30 − 60 GeV2, where the
higher-order QCD corrections are known to be important. The difference between all the
theoretical predictions becomes negligible with increasing of Q2. Thus, we can conclude
that the proposed analytical calculations of the TMD parton densities in a proton does
not contradict the latest HERA data, although the best description of the latter (with
the default parameter set) is achieved with ”frozen” QCD coupling constant.
5 Conclusions
We presented the analytical calculations of the transverse momentum dependent par-
ton densities in a proton. These calculations are based on the Bessel-inspired behavior of
parton densities at small Bjorken x, obtained in the case of the flat initial conditions for
DGLAP evolution equations in the double scaling QCD approximation. To construct the
TMD parton distributions we applied the leading-order Kimber-Martin-Ryskin approach,
which is widely used in the phenomenological applications. We implemented the different
treatments of kinematical constraint, reflecting the angular and strong ordering condi-
tions and discussed the relations between the differential and integral formulation of the
KMR approach. Finally, we demonstrated that the calculated TMD parton distributions
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does not contradict the LHC data on inclusive b-jet production at
√
s = 7 TeV, inclusive
Higg boson production (in diphoton decay mode) at
√
s = 13 TeV and latest HERA data
on the charm and beauty contributions to the deep inelastic proton structure function
F2(x,Q
2) in a wide region of x and Q2.
As the next step, we plan to study the longitudinal structure function FL(x,Q
2) and
also to provide predictions for its heavy quark parts, F cL(x,Q
2) and F bL(x,Q
2), which will
be compare with our other predictions [62]. Moreover, we plan to extend the present
analysis beyond the LO approximation. We will obtain the results for the NLO TMD
parton densities using the corresponding NLO results [27–29] for the standard PDFs in the
generalized DAS approach. We will accept also the results for the NLO matrix elements
(see [25, 72] and references and discussions therein).
Acknowledgements
We thank H. Jung, S.P. Baranov and M.A. Malyshev for very useful discussions and
remarks. A.V.K. highly appreciates the warm hospitality at the Institute of Modern
Physics CAS (Lanzhou, China) and thanks the CAS Presidents International Fellowship
Initiative (Grant No. 2017VMA0040) for support. A.V.L. is grateful to Institute of
Modern Physics CAS (Lanzhou, China) for support and warm hospitality and DESY
Directorate for the support in the framework of Cooperation Agreement between MSU
and DESY on phenomenology of the LHC processes and TMD parton densities. P.Z.
is supported in part by the National Natural Science Foundation of China (Grants No.
11975320).
References
[1] R. Angeles-Martinez, A. Bacchetta, I.I. Balitsky, D. Boer, M. Boglione, R. Bous-
sarie, F.A. Ceccopieri, I.O. Cherednikov, P. Connor, M.G. Echevarria, G. Ferrera,
J. Grados Luyando, F. Hautmann, H. Jung, T. Kasemets, K. Kutak, J.P. Lansberg,
A. Lelek, G.I. Lykasov, J.D. Madrigal Martinez, P.J. Mulders, E.R. Nocera, E. Pe-
treska, C. Pisano, R. Placakyte, V. Radescu, M. Radici, G. Schnell, I. Scimemi,
A. Signori, L. Szymanowski, S. Taheri Monfared, F.F. Van der Veken, H.J. Van
Haevermaet, P. Van Mechelen, A.A. Vladimirov, S. Wallon, Acta Phys. Polon. B
46, 2501 (2015).
[2] J.C. Collins, D.E. Soper, G.F. Sterman, Nucl. Phys. B 223, 381 (1983),
J.C. Collins, D.E. Soper, G.F. Sterman, Nucl. Phys. B 250, 199 (1985).
[3] S. Catani, M. Ciafaloni, F. Hautmann, Nucl. Phys. B 366, 135 (1991);
J.C. Collins, R.K. Ellis, Nucl. Phys. B 360, 3 (1991).
[4] L.V. Gribov, E.M. Levin, M.G. Ryskin, Phys. Rep. 100, 1 (1983);
E.M. Levin, M.G. Ryskin, Yu.M. Shabelsky, A.G. Shuvaev, Sov. J. Nucl. Phys. 53,
657 (1991).
[5] E.A. Kuraev, L.N. Lipatov, V.S. Fadin, Sov. Phys. JETP 44, 443 (1976);
E.A. Kuraev, L.N. Lipatov, V.S. Fadin, Sov. Phys. JETP 45, 199 (1977);
I.I. Balitsky, L.N. Lipatov, Sov. J. Nucl. Phys. 28, 822 (1978).
[6] M. Ciafaloni, Nucl. Phys. B 296, 49 (1988);
S. Catani, F. Fiorani, G. Marchesini, Phys. Lett. B 234, 339 (1990);
14
S. Catani, F. Fiorani, G. Marchesini, Nucl. Phys. B 336, 18 (1990);
G. Marchesini, Nucl. Phys. B 445, 49 (1995).
[7] A.V. Lipatov, M.A. Malyshev, H. Jung, Phys. Rev. D 100, 034028 (2019).
[8] S.P. Baranov, A.V. Lipatov, arXiv:1906.07182 [hep-ph].
[9] S.P. Baranov, A.V. Lipatov, Phys. Lett. B 785, 338 (2018).
[10] S.P. Baranov, H. Jung, A.V. Lipatov, M.A. Malyshev, Eur. Phys. J. C 77, 772
(2017).
[11] N.A. Abdulov, A.V. Lipatov, M.A. Malyshev, Phys. Rev. D 97, 054017 (2018).
[12] A.V. Lipatov, M.A. Malyshev, N.P. Zotov, Phys. Lett. B 735, 79 (2014).
[13] R. Islam, M. Kumar, V.S. Rawoot, Eur. Phys. J. C 79, 181 (2019).
[14] A. Szczurek, M. Luszczak, R. Maciula, Phys. Rev. D 90, 094023 (2014).
[15] H. Jung, M. Kra¨mer, A.V. Lipatov, N.P. Zotov, Phys. Rev. D 85, 034035 (2012).
[16] H. Jung, M. Kra¨mer, A.V. Lipatov, N.P. Zotov, JHEP 1101, 085 (2011).
[17] S. Dooling, F. Hautmann, H. Jung, Phys. Lett. B 736, 293 (2014).
[18] V.N. Gribov and L.N. Lipatov, Sov.J. Nucl. Phys. 15, 438 (1972);
L.N. Lipatov, Sov. J. Nucl. Phys. 20, 94 (1975);
G. Altarelli, G. Parisi, Nucl. Phys. B 126, 298 (1977);
Yu.L. Dokshitzer, Sov. Phys. JETP 46, 641 (1977).
[19] F. Hautmann, H. Jung, A. Lelek, V. Radescu, R. Zlebcik, Phys. Lett. B 772, 446
(2017).
[20] F. Hautmann, H. Jung, A. Lelek, V. Radescu, R. Zlebcik, JHEP 1801, 070 (2018).
[21] M.A. Kimber, A.D. Martin, M.G. Ryskin, Phys. Rev. D 63, 114027 (2001);
G. Watt, A.D. Martin, M.G. Ryskin, Eur. Phys. J. C 31, 73 (2003).
[22] A.D. Martin, M.G. Ryskin, G. Watt, Eur. Phys. J. C 66, 163 (2010).
[23] NNPDF Collaboration, arXiv:1905.04311 [hep-ph].
[24] CTEQ Collaboration, arXiv:1908.11394 [hep-ph].
[25] R. Maciula, A. Szczurek, Phys. Rev. D 100, 054001 (2019).
[26] A.V. Lipatov, M.A. Malyshev, H. Jung, arXiv:1910.11224 [hep-ph].
[27] G. Cvetic, A.Yu. Illarionov, B.A. Kniehl, A.V. Kotikov, Phys. Lett. B 679, 350
(2009).
[28] A.V. Kotikov, G. Parente, Nucl. Phys. B 549, 242 (1999).
[29] A.Yu. Illarionov, A.V. Kotikov, G. Parente, Phys. Part. Nucl. 39, 307 (2008).
[30] L. Mankiewicz, A. Saalfeld, T. Weigl, Phys. Lett. B 393, 175 (1997).
15
[31] A. De Ru´jula, S.L. Glashow, H.D. Politzer, S.B. Treiman, F. Wilczek, A. Zee, Phys.
Rev. D 10, 1649 (1974).
[32] K. Golec-Biernat, A.M. Stasto, Phys. Lett. B 781, 633 (2018).
[33] H1 Collaboration, Nucl. Phys. B 497, 3 (1997).
[34] H1 Collaboration, Eur. Phys. J. C 21,33 (2001).
[35] H1 Collaboration, Phys. Lett. B 520, 183 (2001).
[36] ZEUS Collaboration, Eur. Phys. J. C 21, 443 (2001).
[37] H1 and ZEUS Collaboration, JHEP 1001, 109 (2010).
[38] A.M. Cooper-Sarkar, R.C.E. Devenish, A. De Roeck, Int. J. Mod. Phys. A 13, 3385
(1998).
[39] A.V. Kotikov, Phys. Part. Nucl. 38, 1 (2007) 1; [Erratum-ibid. 38 (2007) 828].
[40] R.D. Ball, S. Forte, Phys. Lett. B 336, 77 (1994).
[41] A.V. Kotikov, B.G. Shaikhatdenov, Phys. Part. Nucl. 48, 829 (2017);
A.V. Kotikov, B.G. Shaikhatdenov, Phys. Atom. Nucl. 78, 525 (2015);
A.V. Kotikov, B.G. Shaikhatdenov, Phys. Part. Nucl. 44, 543 (2013).
[42] A.Yu. Illarionov, B.A. Kniehl, A.V. Kotikov, Phys. Lett. B 663, 66 (2008); A.Yu. Il-
larionov, A.V. Kotikov, Phys. Atom. Nucl. 75, 1234 (2012).
[43] H1 and ZEUS Collaborations, Eur. Phys. J. C 73, 2311 (2013).
[44] A.J. Buras, Rev. Mod. Phys. 52, 199 (1980).
[45] A.V. Kotikov, Phys. Lett. B 338, 349 (1994);
Yu.L. Dokshitzer, D.V. Shirkov, Z. Phys. C 67, 449 (1995); S.J. Brodsky, V.S. Fadin,
V.T. Kim, L.N. Lipatov, G.B. Pivovarov, JETP Lett. 70, 155 (1999).
[46] Small-x Collaboration, Eur. Phys. J. C 25, 77 (2002).
[47] B. Badelek, J. Kwiecinski, A. Stasto, Z. Phys. C 74, 297 (1997).
[48] D.V. Shirkov, I.L. Solovtsov, Phys. Rev. Lett. 79, 1209 (1997);
I.L. Solovtsov, D.V. Shirkov, Theor. Math. Phys. 120, 1220 (1999).
[49] G. Cvetic, C. Valenzuela, Braz. J. Phys. 38, 371 (2008);
A.P. Bakulev, Phys. Part. Nucl. 40, 715 (2009);
N.G. Stefanis, Phys. Part. Nucl. 44, 494 (2013).
[50] D.J. Gross, Phys. Rev. Lett. 32, 1071 (1974);
D.J. Gross, S.B. Treiman, Phys. Rev. Lett. 32, 1145 (1974).
[51] C. Lopez, F.J. Yndurain, Nucl. Phys. B 171, 231 (1980);
C. Lopez, F.J. Yndurain, Nucl. Phys. B 183, 157 (1981).
[52] A.V. Kotikov, B.G. Shaikhatdenov, P. Zhang, arXiv:1811.05615 [hep-ph].
[53] A.V. Kotikov, B.G. Shaikhatdenov, P. Zhang, Phys. Rev. D 96, 114002 (2017).
16
[54] A.Yu. Illarionov, A.V. Kotikov, S.S. Parzycki, D.V. Peshekhonov, Phys. Rev. D 83,
034014 (2011).
[55] V.A. Matveev, R.M. Muradian, A.N. Tavkhelidze, Lett. Nuovo Cim. 7, 719 (1973);
S.J. Brodsky, G.R. Farrar, Phys. Rev. Lett. 31, 1153 (1973);
S.J. Brodsky, J.R. Ellis, E.Gardi, M. Karliner, M.A. Samuel, Phys. Rev. D 56, 6980
(1997).
[56] P. Jimenez-Delgado, E. Reya, Phys. Rev. D 89, 074049 (2014);
S. Alekhin, J. Blu¨mlein, S. Moch, R. Placakyte, Phys. Rev. D 96, 014011 (2017).
[57] A.V. Kotikov, V.G. Krivokhizhin, B. G. Shaikhatdenov, Phys. Atom. Nucl. 81, 244
(2018).
[58] V.G. Krivokhizhin, A.V. Kotikov, Phys. Atom. Nucl. 68, 1873 (2005);
V.G. Krivokhizhin, A.V. Kotikov, Phys. Part. Nucl. 40, 1059 (2009);
B.G. Shaikhatdenov, A.V. Kotikov, V.G. Krivokhizhin, G. Parente, Phys. Rev. D
81, 034008 (2010); A.V. Kotikov, V.G. Krivokhizhin, B.G. Shaikhatdenov, Phys.
Atom. Nucl. 75, 507 (2012).
[59] CMS Collaboration, JHEP 1204, 084 (2012).
[60] ATLAS Collaboration, Eur. Phys. J. C 71, 1846 (2011).
[61] L.A. Harland-Lang, A.D. Martin, P. Motylinski, R.S. Thorne, Eur. Phys. J. C 75,
435 (2015).
[62] A.V. Kotikov, A.V. Lipatov, G. Parente, N.P. Zotov, Eur. Phys. J. C 26, 51 (2002);
A.V. Kotikov, A.V. Lipatov, N.P. Zotov, Eur. Phys. J. C 27, 219 (2003).
[63] PDG Collaboration, Rev. D 98, 030001 (2018).
[64] A.V. Lipatov, S.P. Baranov, M.A. Malyshev, in preparation.
[65] J.R. Ellis, M.K. Gaillard, D.V. Nanopoulos, Nucl. Phys. B 106, 292 (1976).
[66] M.A. Shifman, A.I. Vainstein, M.B. Voloshin, V.I. Zakharov, Sov. J. Nucl. Phys.
30, 711 (1979).
[67] CMS Collaboration, JHEP 01, 183 (2019).
[68] ATLAS Collaboration, Phys.Rev. D 98, 052005 (2018).
[69] ZEUS Collaboration, JHEP 1409, 127 (2014).
[70] H1 Collaboration, Eur. Phys. J. C 71, 1769 (2011); Eur. Phys. J. C 72, 2252 (2012).
[71] H1 Collaboration, Eur. Phys. J. C 65, 89 (2010).
[72] A. van Hameren, arXiv:1902.01791 [hep-ph];
M. Nefedov, V. Saleev, Mod. Phys. Lett. A 32, 1750207 (2017); F. Caporale,
F. G. Celiberto, G. Chachamis, D. Gordo Gomez, A. Sabio Vera, AIP Conf. Proc.
1819, 060009 (2017).
17
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1.1
 1.2
 1.3
10-1 100 101 102 103 104
µ2 = 102 GeV2
f g(i)
(x
, k
T2 , 
µ2
) /
 f g(
d)
(x
, k
T2 , 
µ2
)
kT2 [GeV2]
x = 10-5
x = 10-4
x = 10-3
x = 10-2
x = 10-1
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1.1
 1.2
 1.3
10-1 100 101 102 103 104
µ2 = 104 GeV2
f g(i)
(x
, k
T2 , 
µ2
) /
 f g(
d)
(x
, k
T2 , 
µ2
)
kT2 [GeV2]
x = 10-5
x = 10-4
x = 10-3
x = 10-2
x = 10-1
Figure 1: The ratio of the TMD gluon densities in a proton obtained using integral
and differential formulation of the KMR approach as a function of the gluon transverse
momentum k2T at different values of longitudinal momentum fraction x and hard scale µ
2.
The angular ordering condition was applied.
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Figure 2: The TMD gluon densities in a proton calculated as a function of the gluon
transverse momentum k2T at different values of longitudinal momentum fraction x and
hard scale µ2. The integral formulation of the KMR approach is used. The solid green
and yellow curves correspond to the results obtained with ”frozen” and analytic QCD
coupling constant with angular ordering condition, while corresponding dashed curves
represent the results obtained with strong ordering condition. The red curves correspond
to the TMD gluon distributions calculated numerically in the traditional KMR scenario,
where the conventional parton densities from standard MMHT’2014 (LO) set are used as
an input.
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Figure 3: The transverse momentum distributions of inclusive b-jet production at
√
s =
7 TeV as a function of the leading jet transverse momentum in different rapidity regions.
The kinematical cuts are described in the text. Notation of histograms is the same as in
Fig. 1. The experimental data are from CMS [59].
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Figure 4: The transverse momentum distributions of inclusive b-jet production at
√
s =
7 TeV as a function of the leading jet transverse momentum in different rapidity regions.
The kinematical cuts are described in the text. Notation of histograms is the same as in
Fig. 1. The experimental data are from ATLAS [60].
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Figure 5: The dijet invariant mass M , azimuthal angle difference ∆φ and χ distributions
of bb¯-dijet production at
√
s = 7 TeV. The kinematical cuts are described in the text.
The experimental data are from ATLAS [60].
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Figure 6: The differential cross sections of inclusive Higgs boson production (in the dipho-
ton decay mode) at
√
s = 13 TeV as functions of diphoton pair transverse momentum
pγγT , rapidity y
γγ and photon helicity angle cos θ∗ (in the Collins-Soper frame). The ex-
perimental data are from CMS [67].
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Figure 7: The differential cross sections of inclusive Higgs boson production (in the dipho-
ton decay mode) at
√
s = 13 TeV as functions of diphoton pair transverse momentum
pγγT , rapidity y
γγ and photon helicity angle cos θ∗ (in the Collins-Soper frame). The ex-
perimental data are from ATLAS [68].
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Figure 8: The charm contribution to the proton structure function F2(x,Q
2) as a func-
tion of x calculated at different Q2. Notation of curves is the same as in Fig. 1. The
experimental data are from ZEUS [69] and H1 [70].
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Figure 9: The beauty contribution to the proton structure function F2(x,Q
2) as a func-
tion of x calculated at different Q2. Notation of curves is the same as in Fig. 1. The
experimental data are from ZEUS [69] and H1 [71].
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